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Abstract. A set A. of positive integers is a perfect difference set if every 
nonzero integer has an unique representation as the difference of two elements 
of A.. We construct dense perfect difference sets from dense Sidon sets. As a 
consequence of this new approach we prove that there exists a perfect difference 
set A such that 

Also we prove that there exists a perfect difference set JK such that 
limsup,^^ A{x)l^ > I/V2. 



1. Introduction 

Let Z denote the integers and N the positive integers. For nonempty sets 
of integers A and B, we define the difference set 

A - B = {a -h : a e A Siiidh e B]. 

For every integer u, we denote by d_A^B{u) the number of pairs {a,h) ^ A^B 
such that u = a — h. Let d_A{u) the number of pairs (a, a') ^ A A such 
that u = a — a' . The set ^ is a perfect difference set if = 1 for every 

integer u 7^ 0. Note that ^ is a perfect difference set if and only dj[{u) = 1 
for every positive integer u. For perfect difference sets, a simple counting 
argument shows that 

A{x) < x^/^, 

where the counting function A{x) counts the number of positive elements of 
A not exceeding x. 

It is not completely obvious that perfect difference sets exist, but the 
greedy algorithm produces 3 a perfect difference set ^ C N such that 

A{x) > x^/^. 

At the Workshop on Combinatorial and Additive Number Theory (CANT 
2004) in New York in May, 2004, Seva Lev (see also 0) asked if there exists 
a perfect difference set A such that 

A(x) ^ x^ for some 6 > 1/3. 
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We answer this questions affirmatively by constructing perfect difference 
sets from classical Sidon sets. 

We say that a set is a Sidon set if dts{u) < 1 for all integer u 7^ 0. 

Theorem 1. For every Sidon set B and every function uj{x) — > 00, there 
exists a perfect difference set ^ C N satisfying 

A{x) > B{x/2,)-Lo{x). 

It is a difficult problem to construct dense infinite Sidon sets. Ruzsa 
proved that there exists a Sidon set B with B{x) ^> x^~^~°^^^ . The following 
result follows easily. 

Theorem 2. There exists a perfect difference set ^ C N such that 

A{x) »x^-i+°«. 

Erdos [7] proved that the lower bound A{x) ^ x^/^ does not hold for 
any Sidon set A, and so does not hold for perfect difference sets. However, 
Kriickeberg |21 proved that there exists a Sidon set B such that 

Bix) 1 
limsup — > —=. 

We extend this result to perfect difference sets. 

Theorem 3. There exists a perfect difference set ^ C N such that 

A(x) 1 
lim sup — — > —= . 

\/2 



Notice that an immediate application of Theorem^to Kriickeberg's result 
would give only limsup^_,^ A{x)x^^/'^ > 

2. Proof of Theorem [T] 

2.1. Sketch of the proof. The strategy of the proof is the following: 

• Modify any dense Sidon set B given by dilating it by 3 and removing 
a suitable thin subset of 3 * i3. 

• Complete the remainder set Bq = (3*i3)\{removed set} with a subset 
of the elements of a very sparse sequence U = {ug} by adding, if k 
has not appeared yet in the difference set, two elements U2k,U2k+i in 
the k-th. step such that U2k+i — U2k = k. 

2.2. The auxiliary sequence U. For any strictly increasing function g : 
N — > N and A; > 1, we define integers U2k and ■U2fc+i by 

(u2k =49(k^ + ek 
\u2k+i =4fW + efc + fe 

where 

'1 if /fc = 2 (mod 3) 



otherwise 
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For all positive integers k we have 

U2k+1 - U2k = k. 

Let Uk = {u2ki'>J'2k+i} and U^i = IJfc<^^fc- It will be useful to state some 
properties of the sequence U = {ui}^2- 

Lemma 1. The sequence U = {«i}^2 satisfies the following properties: 

(i) For all i > 2, m ^ (mod 3). 

(ii) For all k > 2, for u G Uk, and for all u' ,u" ,u"' G W<fc, we have 
u + u' > u" + u"'. 

(iii) If k > 2, u E Uk, and u' G U<:k, then u — u' > u/2. 

Proof, (i) By construction. 

(ii) Since g{k) is strictly increasing we have k < g{k) and so 

4A; < # < 45('=) 

for all fc > 2. It follows that 

u" + u'" < 2u2k-i < 2(4^'('=-i) + k) 

< 2 (^4s('=)-i + kj < + 2k 

< 4»(*^) <u<u + u'. 

(iii) For k >2 we have 

u' < 49{k-i) + _ 1) + 

< 4ff(fe)-i + k 

< 2 • 4pik)-i ^ ^ 

2 

< u/2 

and so n — -u' > 'u/2. □ 

2.3. Construction of the Sidon set Bq. Take a Sidon set B and consider 
the set = 3 * e = {36 : 6 G fi}. Then B' is a Sidon set such that 6 = 
(mod 3) for all 6 G fi' and B'{x) = S (§)• 

The set Bq will be the set ;S' = 3 * ;S after we remove all the elements 
b e B' that satisfy at least one of the followings conditions: 

cl: 6 = u — -u' + 6' for some b' E B', b > b' and u,u' G W such that 

u €Ur, u' £ hl<^r for some r. 
c2: 6 = It + ii' — 6' for some b' & B, b > b' and u, u' G U. 
c3: b = u + u' — u" for some u eUr, u' eU, and u" G U<r with u' < u. 
c4: |6 — Mil < z for some Ui G W. 
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2.4. The inductive step. We shall construct the set A in Theorem ^ by 
adjoining terms to the nice Sidon set Bq obtained above. More precisely, 
the sequence A satisfying the conditions of the theorem will be 

oo 

A=\jAk 

k=0 

where Ak will be defined by = ■^o and for, k > 1, 



Ak 



Ak-i liUk if k ^ Ak-i - Ak-i 
Ak^i otherwise. 



Lemma 2. For every positive integer k we have 

i-k, k]cAk- Ak 

and so 

dA{n) > 1 

for all integers n. 

Proof. Clear. □ 
2.5. ^ is a Sidon set. First we state two lemmas. 

Lemma 3. Let A\ and A2 be nonempty disjoint sets of integers and let 
A = AiU A2 For every integer n we have 

dA{n) = dAi{n) + dAiin) + dA^^Aiin) +dA2,Ai{n), 

where 

dA„Aj{n) = i^{{a,a) £ Ai x Aj, a - a = n}. 
Proof. This follows from the identity 

(^1 U A2) X (^1 U A2) = {Ai X Ai) U {A2 X A2) U (^1 X A2) U {A2 X ^i). 

□ 

Lemma 4. If n £ Ar-i — Ur then 

(i) |n| > r, and so du,,Ar-ii'^) = dAr-i,Ur{r) = 0. 

(ii) dA^^,{n)=0. 

(iii) c?w„A_i('^) = 0- 

Proof. Write n = a — u, where a E Ar-i and u £Ur = {u2r, U2r+i}- 

(i) If a = 6 G Bq we have that |6 — ti| > 2r > r because, by condition (c4), 
we have removed all elements b from B such that \b — Ui\ < i. 

If a = u' £ U.^r then we apply Lemma ^ (iii) to conclude that 

\u -u\> -> > r. 

(ii) Since Ar~i ^ Bq UZ//<r, it follows that 

dAr-i{n) < dBoUU<r(.n) < disoin) + du^^{n) + dBo,u<r{n) + du^^,Bo{n)- 
If a = 6 G Bq, then n = b — u and 
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(1) 6 = (mod 3) but u ^ (mod 3), hence b — u ^ (mod 3) and 
diSo {b — u) = (by Lemma ^ (i)), 

(2) du^rib — u) = (by condition (c3)), 

(3) dBo,u<rib -u) = (by condition (cl)), 

(4) du^^,Bo{b - ti) = (by condition (c2)). 
If a = n' S Z^<r, then n = u' — u and 

(1) ds^iu' — u) = (by condition (cl)), 

(2) du^^{u' - -u) = (by Lemma lU (ii)), 

(3) li u' — u = b — u" with u" G ^<r; then Lemma ^ (iii) imphes that 
< 5 = n' + li" — n < 0, and so dBo,u<rW — u) = 

(4) du^^^Bo{u' — ti) = (by condition (c3)). 

(iii) Again, since Ar-i ^ U we have that 

dur,Ar-i{n) < dur,Bo{n) + durM<r{'n)■ 
lia=b ^ Bq then dur.Boib—u) = (by condition (c2)) and dur,u^r{b—u) = 
(by condition (c3)). 

If a = n' S Z//<r then du^^]3^{u' — n) = (by condition (c3)). Finally, we 
have durPi^rW — ^) = 0, since if n' — n = u" — u'" , u" G Ur, u'" E Z^<r, then 
> u' — u = u" — u'" > 0. This completes the proof. □ 

Lemma 5. For every positive integer n we have 

dA{n) < 1 
and so A is a perfect difference set. 

Proof. We will use induction to prove that, for every r > 0, 
d_A^{n) < 1 for every nonzero integer n. 

This is true for r = because = is a subset of a Sidon set. 

We assume that the statement is true for r — 1 and shall prove it for r. 

If d_A_r-iir) = 1 then Ar = Ar-i and there is nothing to prove. Suppose 
that (i^^_j(r) = 0, and so Ar = Ar-i UUr- Since we have added two new 
elements U2r,U2r+i to Ar~i, it is possible that there are new representations 
of a positive integer n so that dA^in) > 1. We shall prove that this cannot 
happen. 

By Lemma 121 we can write 

dArin) = dAr-iin) + du,{n) + (i^,_i,w,(n) + du„Ar-i{n) 
If n = r, then Lemma ^ (i) and the relation ii2r+i — U2r = f imply that 
dArir) = dA^.Ar) + du^r) + d^.-i,W.(r) + du^^Ar-iir) = + 1 + + = 1 
If n 7^ r, then 

dAriiT-) = dAr^iin) + dA,_,,Ur(.n) + (iw„A._i ("-)• 
If n G Ar-i — Ur (the case n £Ur — Ar-i is similar), then we can write 
n = a — u where a G Ar-i, u G Ur- 
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Applying Lemma |^ (ii) and Lemma (iii) , we obtain 

dArin) = dAr-uUrin)- 

dAr-i,Ur{''^) ^ 2, then there exist a, a' G ^r-i such that a—U2r = a'—U2r+i- 
This imphes that 

a — a = U2r+l — U2r = r £ Ar-l — Ar-l 

which is false, so d^^(n) = (i^,._i,Wr(™) ^ 1- 
If n (A-i - l^r) U {Ur - Ar-l) then 

dArin) = dAr-A^) < 1- 
This completes the proof. □ 

2.6. The counting function A{x). We have 

A{x) > Boix) = B{x) - R{x) = B{x/3) - R{x) 

where R = Ri L) R2 U R^ D R4 and Ri denotes the set of elements of B 
removed by condition (q), i = 1,2,3,4. 

Lemma 6. Let U{x) denote the counting function of the setlA. For the sets 
Ri, R2, R3, R4 defined above, we have 

(i) Ri{x) < U^{2x). 

(ii) Riix) < U\2x). 

(iii) rJ,x) < U^l2x) 

(iv) R^ix) < 2C/2(2x) + U{2x). 

Proof, (i) We have 

Ri{x) = #{6 £ B : b < X and b satisfies condition (cl)}. 

Because is a Sidon set, for every pair of integers u,u' £U there exists at 
most one pair of integers b,b' £ B such that b — b' = u — u' . The condition 
X > b > b' implies that < u — u' < x. On the other hand Lemma ^ (hi) 
implies that u — u' > u/2 and so u < 22; and 

^1(2;) < #{(ti,ti'), u <u, u< 2x] < U^{2x). 

(ii) Again, because i? is a Sidon set, for every pair u,u' £U there exists 
at most one pair b,b' £ B such that 6 + 6' = u + u' . The condition x > b > b' 
implies u,u' < 2x and so 

R2{x) < #{{u,u) £U xU ■.u<2x,u <2x} < U^{2x). 

(iii) If n G Ur, u" £ Z//<r, then Lemman(iii) implies that b = u + u' — u" > 
u — u" > u/2 and so 

i?3(x) = #{6 £ B : b < X and b satisfies condition (c3)} 

< #{(n, u, u") £ U X U X U : u < 2x,u" < u,u < u} 

< U{2xf. 
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(iv) We have 

i?4(x) = #{6 £ B : b < X and \b — Ui\ < i for some Ui GU} 
< G N : n < X and |n — Ui| < i for some i}. 

If n < X and |n — Ui\ < i, then tij<n + i<x + i. Since U2 = 4^^^^ > 4, 
tig = 49(i)+i > 16, and, for i > 4, 

Therefore, Ui < x + i < x + Ui/2 and so Uj < 2x. It follows that i < U{2x) 
and so 

Riix) < #{n < X : |n — UjI < U{2x) and Uj < 2x} 
< (2C/(2x) + l)C/(2x) = 2U{2xf + C/(2x). 
This completes the proof of the lemma. □ 
Finally, given any function oj{x) oo we have that 

A{x) > B{x/3) - {U{2x f + 4[/2(2x) + U{2x)) > B{x/3) - lo{x) 

for any function (7 : N — > N and sequence U growing fast enough. This 
completes the proof of Theorem ^ 

3. Proof of Theorem E] 

Lemma 7. IfCi and C2 are Sidon sets such that [Ci — Ci)r\{Cj — Cj) = {0}, 
{C, + d) n {Cj + Cj) = and {d + Ci- d) n = for i / j, then Ci U C2 
is a Sidon set. 

Proof. Obvious. □ 

Lemma 8. For each odd prime p there exist a Sidon set Bp such that 
(i) BpQ[l,p']. 

(h) {Bp - Bp) n [-^, ^] = 0. 
(iii) \Bp\ >p- 2^. 

Proof. Ruzsa 5 constructed, for each prime p, a Sidon set Rp C — p] 
with \Rp\ = p — 1. We consider the subset Bp of Rp that we obtain by 
removing all elements b G Rp such that < |6 — 6'| < ^yp for some b' £ Rp. 
Since Rp is a Sidon set, it follows that we have removed at most y/p elements 
from Rp, and so \Bp\ > \Rp\ — ^ = P — -^/p — 1 > p — 2-y/p. □ 

Proof of Theorem We shall construct an increasing sequence of finite set 
^1 ^ ^2 ^ ^3 ^ • • • such that A = U^^^Ak is a perfect difference set 
satisfying Theorem |31 

In the following, Ik will denote the largest integer in the set A^-i, and pk 
the least prime greater than 4/|,. Let 

^1 = {0,1}. 
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Then I2 = I and P2 = 5. Wc define 

^ ^ (Ak-iU {Bp^+pl + 2lk) if k e Ak-i - Ak-i 

[Ak^iU {Bp^ +pI + 2lk) U WIApI + k) otherwise. 

We shall prove that the set A = U^^Afc satisfies the theorem. 

By construction, [1, k] Q A^ — ^j. for every positive integer A; and so 
A-A='L. 

We must prove that A^ is a Sidon set for every fc > 1. 
This is clear for A; = 1. Suppose that Afc-i is a Sidon set. Let C\ = Aj^_i 
and C2 = Bpi^ +p| + 2/^- We shall show that 

Ci U C2 = Ak-i U {Bp^ +pI + 2lk) 
is a Sidon set. Notice that 

C2 - C2 = Bp^ - Bp^ 
[-Vn,Vp^]ri{Bp,-Bp,) = {o}. 

Then 

(Cl - Cl) n (C2 - C2) = {0}. 

Notice also that if a; G C2 + C2 then x>2pl + 41^, but Ci + Ci C [1, 2lk]. 
Then 

(Ci + Ci)n(C2 + C2) = 0. 

If a; G (Cl + Cl — Cl), then x < 21^, but if x G C2, then x > 21^. Thus, 

(Cl + Cl - Cl) n C2 = 0. 

If x G C2 + C2 - C2, then X > 2{pI + 2k + 1) - {pI + pI + 2k) = 2k + 1, 
and if X G Cl, then x < k- Therefore, 

(C2 + C2 - C2) n Cl = 0. 

Then A^^i U {Bp^ +Pk + 21^) is a Sidon set. 
Now we must distiguish two cases: 

If A G Ak_i — Ai^_i then A^ = Ak_i U {Bp^^ +p1 + 2k) and we have proved 
that it is a Sidon set. 

If ^ Ak-i - Ak-i then Ak = Ak-i U {Bp^ +pI + 2k) U {4p|, 4p| + k} 
and we have to prove that it is also a Sidon set. In this case we take 
Cl = Ak-i U {Bp^ +pI + 2k) and C2 = {4p|, 4pl + k]. We can write 

Ci-Ci= {Ak-i- Ak-i)U{Bp,-Bp,) 
yj{Au-i-{Bp,+pl + 2k)) 
u{{Bp,+pl + 2k)-Ak-i). 

If X G {Ak-i - (Bp, +pI + 2k)) U {{Bp^ +pI + 2k) - Ak-i), then |a:;| > 
Pl + k> k. 
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If X G {Bpi^ — Bp^) then a; = or |x| > y/pk > k, then, since C2 — C2 = 
{—k, 0, A:}, we have 

(Ci - Ci) n (C2 - C2) = {0}. 

On the other hand if x G C2 + C2 then x > Sp^ but 

Ci + Ci C [l,2{{pl-Pk)+pl + 2lk)] C [l,4p2]. 

Then 

(Ci + Ci) n (C2 + C2) = 0. 

If X G Ci + Ci - Ci then x < + 2/^ < 4p|. Thus, 

(Ci + Ci- Ci) n C2 = 0. 

Also we have that C2 + C2 - C2 = 4p^, + {-k, 0, A;, 2k], but if x G Ci we 
have that x < + 2^ < 2p| + ^/p^ < Apl - k. Thus 

(C2 + C2 - C2) n Ci = 0. 

To finish the proof of the theorem note that 

A^)^y A2PI -Pk + h) ^ 

iim sup — j=r- > hm sup — -j^^^=^^^^ > 

^ ^^'^ -hpl-pk + h 



□ 



r l^pj Pk-2^ 1 

iim sup — ■j^^^=^^^= > iim sup — — = . 

^hpl-pk + lk j2pl-pk + ^/2 V2 



4. Remarks and Open problems 

4.1. The sequence t{A) associated to a perfect difference set. Any 

translation of a perfect difference set intersects to itself in exactly one ele- 
ment, and so we can define, for every perfect difference set A, a sequence 
t{A) whose elements are given by f„ = Ar\ {A — n) for all n > 1. The 
sequence tn is very irregular, but the greedy algorithm used in generates 
a perfect difference set such that tn n^- Our method generates a dense 
Sidon set A, but gives a very poor upper bound for the sequence tn- 

Problem 1. Does there exists perfect difference set such that tn = o{n^)? 

4.2. Sidon sets included in perfect difference sets. We have proved 
that any Sidon set can be perturbed slightly to become a subset of a perfect 
difference set. Every subset of a perfect difference set is a Sidon set. It 
is natural to ask if every Sidon set is a subset of a perfect difference set. 
The answer is negative. To construct a counterexample, we take a perfect 
difference set A and consider the set = 2 * ^ = {2a : a G A}. The set B 
has the following properties: 

(i) ;S is a Sidon set. 

(ii) If n is an even integer not in B, then B U {n} is not a Sidon set. 
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(hi) If m and m' are distinct odd integers not in B, then B U {m, m'} is 
not a Sidon set. 

The Sidon set B is not a subset of a perfect difference set. Since this con- 
struction is rather artificial, we wonder if almost all Sidon sets are subsets 
of perfect difference sets. 

Problem 2. Determine when a Sidon set is a subset of a perfect difference 
set. 

4.3. Perfect /i-sumsets. Let ^ be a set of of integers. For every integer 
u, we denote by r'^{u) the number of /i-tuples (oi, . . . , a^) G A^, such that 

ai < ■ ■ ■ < ah 

and 

ai H \- Qh = u. 

We say that ^ is a perfect h-sumset or a unique representation basis of 
order h if ^^(m) = 1 for every integer u. Nathanson |4j proved that for every 
h> 2 and for every function / : Z ^ NoUjoo} such that limsup|„|^oo f{u) > 
1 there exists a set of integers A such that 

r'Xiu) = f{u) 

for every integer u. In particular, the perfect h-sumsets correspond to the 
representation function / = 1. Nathanson's construction produces a perfect 
h-sumset A with 

A{x) » 

and he asked for denser constructions. 

It is easy to modify our approach to get a perfect 2-sumset A with A(x) ^ 
^v^-i+o(i)^ But for h> 3 our method cannot be adapted easily, and a more 
complicated construction is needed. We shall study perfect /i-sumsets in a 
forthcoming paper 

4.4. Sums and differences. Let ^ be a set of integers. For every integer 
u, we denote by dAiu) and sa{u) the number of solutions of 

u = a — a' with a, a' £ A 

and 

u = a + a' with a, a' £ A and a < a' , 

respectively. We say that ^ is a perfect difference sumset if d^(n) = 1 for 
all n G N and if = 1 for all n G Z. 

We can extend Theorem ^ and Theorem |31 to perfect difference sumsets. 
Then it is a natural to ask if, for any two functions /i : N — > N and /2 : Z — > 
N, there exists a set A such that dj[{n) = fi(n) for all n G N and s_A^{n) = 
f2{n) for all n £ Z. (Note that perfect difference sumsets correspond to the 
functions /i = 1 and /2 = 1.) It is not difficult to guess that the answer is 
no. For example, if s^(n) = 2 for infinitely many integers n, it is easy to 
see that dj[{n) > 2 for infinitely many integers n. 
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Problem 3. Give general conditions for functions fi and /2 to assure that 
there exists a set A such that (i^(n) = fi{n) and s^(n) = f2{n). 

Is the condition lim inf ^^oo /i > 2 and liminf|„|^3o /2('u) > 2 suffi- 
cient? 
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